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Abstract

Modern digital signal processing always uses discrete samples which are obtained by sampling f
on a discrete set X. Thus it is natural to ask whether and how f can be recovered from its samples.
Let V' be a given class of signals on R. We are interested to find the conditions on the sampling set
X = {.I‘k ke Z} such that every f € V can be reconstructed uniquely and stably from its samples
{f(zx): xx € X}, i.e., there are constants 0 < A < B < oo such that

1/2
Alflzay < (X 1F@ol) < Blfllsmy, VF € V.
keZ

In practice, the measurement apparatus gives only local averages of f near certain points. Precisely,
measured sample values are as follows

(fow) = [ Flayula)de,

R

where {uy : k € Z} is a sequence of averaging functions satisfying the following conditions:
(i) supp ur C [n — &, + g}, ur >0 and (i) /Ruk(:n)da: =il.

The aim of this talk is to discuss about average sampling and reconstruction in shift-invariant spaces
[2] V (¢) defined by

Vi) = {10 = S e —0) i c= (o) < @)}

keZ

where ¢ € L*(R) satisfies

Elleleg < | 3 evel - b)|

< Fllellez@y  Ye=(ck) € £(Z)
kEZ )

L2(R

for some K, F > 0. These spaces play an important role in multi resolution analysis, sampling theory
and several other research areas of signal and image processing [1, 2]. It is well-known [4] that if ¢ has
moderate decay in time domain, then V() is a reproducing kernel Hilbert space. Thus, the point-wise
evaluation is continuous on V(). We discuss the reconstruction of signals in V(¢) from local average
samples. Consider a class F of continuously differentiable functions ¢ defined on R satisfying the
following conditions:

(a) There exist constants C1,C2 > 0 and o > 0.5 such that |¢(z)| < <& and |¢'(x)] < & for

B S e

sufficiently large x,
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(b) esssup 3 (w + k)?|P(w + k)|* < oo,
wel0,1] keZ

(c) {go( —k): ke Z} forms a Riesz basis for V().

Let B = esssup B(w), where
we(0,1]

> (w+ k)?|B(w + k)
B(w) := i —
> |Pw + k)
kEZ
We prove that if ¢ € F and a sampling set X = {z) : k € Z} such that --- < 2 < 241 < --- and
supkez(mkﬂ —x) =B < #, then every f € V() can be reconstructed uniquely and stably from its

local averages near xp provided the support length of averaging functions ¢ is less than 2\;@ - .
For the definition of frames and Riesz basis, we refer [3]. Define & by
z P(w)
W)= == g
S S T
kEZ

then it is well-known that {@( —k): k€ Z} is a dual Riesz basis for V(y). For each k € Z,

define gx = > (uk, B(- — m)) p(- — m), then (f,gr) = (f,ux) holds for any f € V(¢). Moreover,
x - 1/’2 . .
{(M) gr - k€ Z} is a frame for V() with frame bounds M = 2 (1 —2(8 + 6)\/3)3 and

2

N = (1 + mv/2B(6 + B))2 Thus, every f € V(p) can be reconstructed from its local averages by
applying the following iterative frame reconstruction algorithm

2 Thil — Th-1
Sf:= ]W‘*‘Nkzez( 5 )(fﬂ“c)gk»

fo=5F,
fr+1 = fu+ S(f— fn), n > 0.

The error estimate after n'”* iteration is given by

N-M n+1
If = fallLe@w < (m) I fllz2m)-
The detailed proof of the above results can be found in [5]. We also illustrate the theoretical results
numerically by considering ¢ as B-spline function and Meyer scaling function. This is a joint work
with Dr. Sivananthan Sampath.
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